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We show that the Ginsparg- Wilson (GW) relation can play an important role to define chiral 
structures in finite noncommutative geometries. Employing GW relation, we can prove the index 
theorem and construct topological invariants even if the system has only finite degrees of freedom. 
As an example, we consider a gauge theory on a fuzzy two-sphere and give an explicit construction 
of a noncommutative analog of the GW relation, chirality operator and the index theorem. The 
topological invariant is shown to coincide with the 1st Chern class in the commutative limit. 
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Introduction Quantization of space-time is one of 
the unsolved issues and lots of attempts have been made. 
Superstring theory has succeeded in quantizing small 
fluctuations of the metric, but only little knowledge has 
been obtained for the space-time itself. Discovery of D- 
branes has shown us a possibility that space-time coor- 
dinates can be noncommutative |lj. Based on this, vari- 
ous matrix models have been proposed as nonperturba- 
tive formulations of superstrings0, E3, Furthermore, 
noncommutative geometries appear naturally in super- 
string theories with B^ v background^] or in the matrix 
models Q- These studies have linked the string the- 
ory to the old ideas that the concept of the space-time 
must be modified at the Planck length^, In order 
to understand the origin of our four dimensional space- 
time [lfj], we need to analyze superstring numerically, and 
consider noncommutative geometries with finite degrees 
of freedom. 

Another issue is the unification of space-time and the 
matter. In particular, chiral structures of the fermions 
may be related to the quantization of space-time as we 
see in Penrose's twister theory or Connes' noncommuta- 
tive geometry. If we believe such connection, it is im- 
portant to construct chiral structures in systems with 
finite degrees of freedom. This problem is also relevant 
to a construction of four-dimensional chiral fermions in 
matrix models. Orbifolding 11] or compactifications in 
matrix models with a nontrivial index can be candidates 
to define chiral structures in finite noncommutative ge- 
ometries. Instantons have been constructed on noncom- 
mutative i? 4 by using the shift operator |0 0], whose 
construction essentially makes use of the infinite dimen- 
sionality of the Hilbert space. In finite noncommuta- 
tive theories, topologically nontrivial configurations have 
been constructed based on algebraic K-theory and pro- 



jective modules^, Q]. It seems difficult, however, to 
apply these ideas to finite square matrix models such as 

m 

In this letter, we define a chirality and a Dirac operator 
satisfying the Ginsparg- Wilson (GW) relation, which has 
been studied in the lattice gauge theory. By using these 
operators, we can define topological invariants and prove 
an index theorem for general gauge field configurations, 
which are constructed from finite square matrices. We 
first develop a general formalism and then give an explicit 
example in the case of noncommutative (fuzzy) 2-sphere. 

General Formalism In Connes' formulation of non- 
commutative geometry, a chirality operator and a Dirac 
operator which anti-commute are introduced. In this let- 
ter, we propose to generalize this algebraic relation to 
the GW relation so that we can define chiral structures 
in a finite system representing a compact noncommuta- 
tive manifold. 

GW relation has been studied to understand the chiral 
structure in the lattice gauge theory with a finite number 
of degrees of freedom. It is expressed as 



DT n+1 + T n+1 D = aDT n+1 D, 



(1) 



where D, T n +i and a are an n dimensional lattice Dirac 
operator, a chirality operator and a lattice spacing re- 
spectively. This relation expresses the remnant chiral 
symmetry on the lattice, which was derived by the block- 
spin transformation from a continuum theory [J^. This 
algebraic relation makes it possible to define an extended 
chiral symmetry on the latticeflfiL IT^I. The index the- 
orem is also realized on the lattice |lol ITjj . Based on 
the idea of the domain wall fermion, a practical solu- 
tion to the GW relation was obtained [l^. Chiral gauge 
theory can be constructed only for an abelian case|2fjj. 
Higher dimensional generalization of the domain wall 
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fermion was proposed toward constructing nonabelian 
chiral gauge theories |2l). 

Now we apply the algebraic structure of the GW re- 
lation to finite noncommutative geometries. In this con- 
text, the GW relation was first pointed out in refs.[22j 
in connection to the fermion doubling problems. The 
authors discussed the GW relation for free fermions on 
the fuzzy 2-sphere. In this letter, by generalizing this 
result to fermions in general background gauge fields, we 
can obtain topological invariants in finite noncommuta- 
tive geometries. GW relation is the most useful when it 
is applied to fermions coupled to general gauge field con- 
figurations. We also note that on the noncommutative 
torus Dirac operator satisfying GW relation in a back- 
ground gauge field is constructed in the paper |23j to 
formulate chiral gauge theories. 

Our proposal here is that the GW relation can be sub- 
stituted for the simple anticommutation relation, to de- 
fine chiral structures for general gauge fields in general 
finite noncommutative geometries. 

In order to develop a general formalism, we consider 
a system that are composed of N x N matrices. 1/N 
plays a role of the lattice spacing a in the lattice gauge 
theory. We assume an existence of a chirality operator 7 
and a Dirac operator in the commutative limit, where N 
goes to infinity (or a goes to zero). We then introduce 
two chirality operators T and T and a Dirac operator 
D in our finite system. They are operators acting on 
NxN matrices. The Dirac operator D generally depends 
on background gauge field configurations. Both chirality 
operators are required to become the chirality operator 
7 in the commutative limit and satisfy the relations: 

r 2 = f 2 = 1, r f = r, f f = f. (2) 

r is assumed to be independent of the gauge field config- 
urations. If the system has chiral anomaly in the com- 
mutative limit, we cannot expect that the Dirac operator 
D anti-commutes with the chirality operator T, since, if 
so, it will contradict with the result in the commutative 
limit. Hence, in the finite noncommutative geometry, 
a simple algebraic structure is destroyed and we cannot 
prove an index theorem only with the simple chirality 
operator T. 

The other chirality operator T can be constructed in 
terms of a hermitian operator H as 

f = -^=, =H. (3) 

T depends on the gauge field configuration through H . 

If we take an appropriate choice of H, we can define a 
new Dirac operator (GW Dirac operator) Dqw by 

1-rf = f(a,T)D Gw . (4) 

The prefactor / is assumed to be a function of the small 
parameter a and the chirality operator T. These / and H 



are determined so that the Dirac operator D G w becomes 
the commutative Dirac operator in the limit a — > 0. From 
(J2J) and we have the relation 

TD GW + D GW f = 0, (5) 

and then we can prove the following index theorem: 

2 indexD GW = 2(n + - n_) = Tr(T + f), (6) 

where Tr is a trace of operators acting on matrices, and 
n± are numbers of zero eigenstates of D G w with a posi- 
tive (or negative) chirality (for either Y or T). 

It is easy to prove that this index is invariant under 
a small deformation of any parameter or any configura- 
tion (such as gauge field) in the operator H . A neces- 
sary check is that this index can take a nontrivial value 
depending on the background configuration. For some 
choices of H , this index may become a constant and triv- 
ial. For other choices, it gives a nontrivial index as we 
will see in an example on fuzzy 2-sphere. This is surpris- 
ing since it seems impossible to define such a nontrivial 
index out of finite matrices. The resolution lies in the 
definition of the operator T in ©. It becomes singu- 
lar when the operator H has a zero-mode. It is a sign 
function of the operator H, and when an eigenvalue of 
H crosses zero the index changes by two. Therefore, if 
there is no symmetry among eigenvalues, the index can 
take nontrivial values. The configuration space of gauge 
fields are divided into islands, in each of which the index 
takes a different value. In the lattice gauge theory, we can 
exclude a region where H has zero eigenvalues by impos- 
ing an admissibility condition for the gauge field [24| . We 
expect a similar condition for our case. It is also inter- 
esting to investigate these conditions and the topological 
properties for the GW Dirac operator on noncommuta- 
tive torus constructed in the paper [23| since it has closer 
relationship to the ordinary lattice gauge theory. 

Another necessary check is to reproduce the well- 
known index theorem in the commutative limit. Namely, 
the topological invariant considered here should give an 
instanton number for nontrivial gauge field configura- 
tions. In the case of fuzzy 2-sphere, we will show that 
the index reproduces the monopole number. 

Regarding this commutative limit, it is amusing to 
point out that we will be able to arrive at different com- 
mutative limits with different types of topological invari- 
ants though we start from the same size of matrices. 
Namely, topological invariants in different space-time di- 
mensions can be obtained from the same matrices. Differ- 
ent classical interpretations come from different choices 
of chirality operators and Dirac operators, which lead to 
different embeddings of the commutative configurations 
in the matrices. In refs. j2^,|2^| they gave simple examples 
of the embeddings of classical configurations in matrices 
and obtained classical indices on the lattice. Since an im- 
portant property of the noncommutative theories is that 
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it contains much more degrees of freedom than ordinary 
field theories, it is interesting to investigate if we can clas- 
sify the universality classes of more general embeddings 
in the matrices. We want to discuss the problem in the 
future H3- 

Chiral Transformation We can construct a chiral 
invariant model by using the Dirac operator Dqw as 

S = trfiDow*)- (?) 

Each component of * is an N X N matrix and tr means 
a trace over matrices. This action is invariant under the 
global chiral transformation: 5^ = if*, 5$ = i^T. To 
make it local, we need to specify the ordering of the chi- 
ral transformation parameter A and the fermion field. 
The fermion transforms as the fundamental representa- 
tion under gauge transformations: 

* -> [/*, * -> *[/t. (8) 

Dqw must be constructed to maintain the gauge invari- 
ance. Namely we require the transformation, Dqw^ — > 
UDgw^ under gauge transformations. Then, if we put 
A in the left of *, A should transform covariantly as 
A — > UXU' and so does the chiral current. On the 
contrary, if we put A in the right, A and the associ- 
ated chiral current is invariant under gauge transforma- 
tions. This ambiguity is specific to the noncommuta- 
tive field theories and makes the analysis of the Ward- 
Takahashi(WT) identity complicated. This issue was dis- 
cussed in refs.|28l Eif. In this letter, we don't go further 
into this problem and restrict our discussion to the co- 
variant case. 

In obtaining the WT identity for the covariant chiral 
current, the integral measure of the fermion fields is not 
invariant under the local chiral transformations, 

= iXT^f, (5* = i*Ar, (9) 

and produces a nontrivial Jacobian. This term gives an 
integral of the topological charge density (an anomaly 
term) with the local weight A in the WT identity: 

q(X) = ^Tr(X L f + X R V) = ^Tr(X L f + X L T). (10) 

Here the superscript L (R) in A means that this operator 
acts from the left (right) on matrices. V is obtained from 
r by exchanging L and R superscript. For a global chiral 
transformation, we set A = 1 and q(X) becomes the index 
defined in JJjJl. 

Examples on Fuzzy 2- Sphere We now consider 
a simple example on fuzzy 2-sphere. Noncommutative 
coordinates of the fuzzy 2-sphere is given by Xi — aL^ 
where L^s are 2L + 1-dimensional irreducible representa- 
tion matrices of SU(2) algebra. The radius of the sphere 
is given by p = ay/ L(L + 1). Wave functions on fuzzy 
2-sphere can be expanded in terms of noncommutative 



analogs of the spherical harmonics Yi m . They are trace- 
less symmetric products of the noncommutative coordi- 
nates. There is an upper bound for the angular momen- 
tum / for Yi <m ) I < 2L. Any hermitian matrix M can be 
expanded in terms of these spherical harmonics Yi )Tn . 

Killing vectors on the fuzzy 2-sphere are expressed by 
taking a commutator with the SU (2) generator; CiM = 
[Lj,M] = (Lf — L R )M. An integral over 2-sphere is re- 
placed by taking a trace over matrices 2L 1 +1 tr <-> f 4^. 
More detailed correspondence are found in refs. H^y^j . 

Now we introduce a Dirac operator D and a chirality 
operator T R as follows: 

D = ai(£i + paf) + l, (11) 
T R = — — (20-iif-l). (12) 

The free part of D contains no fermion doublers[31]. This 
satisfies the conditions ©. In the commutative limit, 
it reduces to an ordinary chiral operator on the sphere 
7 = OiXil p. An anticommutator with the Dirac operator 
(fTT|) becomes 

{r * D} = TTT/2 (2(£i + pa * )L * D) ■ (13) 

Here CiL R and D/(L + 1/2) vanish in the commuta- 
tive limit since they are of order 1/L. Hence the anti- 
commutator becomes proportional to the scalar field: 

{T R , D} -> 2enxi = 2pcb. (14) 

Note that since we embed the 2-sphere in three dimen- 
sional flat space, the normal component of the gauge field 
a, is interpreted as a scalar field on 2-sphere. 

We then introduce the other chirality operator T as 
in @ . We construct H out of Tr and D because these 
operators commute with the gauge transformations JSJl. 
This condition is required from the compatibility condi- 
tion for chiral transformations generated by T and gauge 
transformations. If we restrict H to contain D less than 
2, it becomes 

H = T R + ci D + ic 2 [D , T R ] + c 3 { T R D } + Ci Y R DT R + c 5 . 

J15) 

The coefficients c, are real and of order 1 /L so that T be- 
comes 7 in the commutative limit. The next requirement 
is that, if we define / in Q appropriately, Dqw must 
become an ordinary Dirac operator in the commutative 
limit. Indeed, if we choose / = (c 4 ~c 1 )T R +2ic 2 , the GW 
Dirac operator becomes D GW = (D - {T R , D}T R /2) + 
0(1/ L). It is nothing but the Dirac operator whose cou- 
pling to the scalar is projected out. The Dirac operator 
D is coupled to three dimensional gauge fields a, and 
on the sphere they are docomposed into two dimensional 
gauge field and a scalar field. Since the GW Dirac opera- 
tor satisfies the GW relation JSJ) and anticommutes with 
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the chirality operator in the commutative limit, it is nat- 
ural that the coupling to the scalar field is projected out 
from D GW . 

In the following, for calculational simplicity, we take 
H as, 



h = r 



aD 



apa l af , 



(16) 



where a = 1/(L + 1/2) and we defined T L as T L = 
(2aiLf + 1)/(2L + 1). This operator also satisfies (r L ) 2 = 
1 and (r L )t = T L . Since both of T L and af are oper- 
ators acting on matrices from the left, this H also acts 
only from the left. Then the topological charge density 
(fTUfl becomes 



q(X) = -tr(l)Tr(AT) + -tr(X)Tr(T R ). 



(17) 



Tr is a trace over matrices and spinors, and T R and f 
are considered here as mere matrices instead of operators 
acting on matrices from the right and from the left re- 
spectively. If there is no background gauge field, r = T L 
and the topological charge density vanishes. If we assume 
that the gauge field configuration is weak, we can expand 
the chirality operator T with respect to the gauge field 
a{. Up to the first order in a^, after taking a trace over 
a matrices, we obtain 



9(A) 



a 3 p(2L + l) 
2a 



/ a 
trX [ieijk[Li, aj}x k + 2pcj) - a i 

(18) 



In the commutative limit, this becomes 



q(X) = 2p I —Xe ljk x l d j a' k 



(19) 



where a! i is a tangential component of a! i = eij k xja k / p. 
This topological charge density is nothing but the 
monopole charge density on the 2-sphere. For A = 1, 
this index is quantized to be integers. If we embed clas- 
sical gauge field configurations with nontrivial monopole 
charge, our index gives a nontrivial value. 

Discussions In this letter we have proposed to use 
Ginsparg- Wilson relation to formulate the chiral and 
topological structures in the finite noncommutative ge- 
ometry, that is, in matrix models. As an example, we 
constructed a GW Dirac operator and a GW chirality 
operator for fermions in background gauge field config- 
urations on fuzzy 2-shpere. We then obtained a topo- 
logical invariant for the gauge field configurations. This 
invariant is shown to become the first Chern number in 
the commutative limit if we assume that the gauge field 
is weak enough. 

As we will report soon in a separate paper, the invari- 
ant can take a nonzero integer and hence this invariant 
is nontrivial. This looks puzzling at first sight because 
the gauge field a, is defined globally in the matrix mod- 
els even though the configuration can have a nontrivial 



topology on two-sphere. This problem will be solved if we 
consider patches on the sphere and note that the gauge 
field configuration can be taken small only in a single 
patch. Hence our assumption in obtaining i|19|) is only 
valid locally. It will be interesting if we can construct a 
concept of patches in noncommutative geometries. 

If we take a different H, we expect that the topolog- 
ical charge has the same commutative limit (i.e. Chern 
number) but there will be a slight difference before tak- 
ing the commutative limit. This problem is related to 
the issue of the universality in the lattice gauge theories. 
It is an important problem to clarify the 'universality' in 
the noncommutative gauge theories. 

There are several other problems listed below. 

First the fermion takes a matrix form and it contains 
N 2 degrees of freedom. Since the number of lattice points 
is considered to be of order N, the fermion contains much 
larger degrees of freedom than the ordinary field theories. 
This is also true for the gauge field configuration. These 
larger degrees of freedom have been interpreted as an in- 
dicator that the noncommutative field theory is related 
to string theoryj^. Furthermore, it has been expected 
that space-time is also dynamical in the noncommuta- 
tive Yang-Mills theories. In the commutative limit, we 
restrict wave functions to those with momentum smaller 
than the noncommutativity scale and then the degrees of 
■freedom become of order N. Classical interpretations will 
be available only for this limiting cases. Different embed- 
dings of classical configurations lead to different classical 
theories. From this argument, our index is expected to 
classify even the global topology of space-time. For this 
purpose, it is important to investigate more examples on 
higher dimensional noncommutative geometries. 

Another problem is the relation to other arguments on 
the topolo gica l properties of the noncommutative field 
theories ja LUfl, [lj|. Topologically nontrivial configura- 
tions are constructed by projection operators. It will be 
interesting to investigate relations to them. 

Finally we want to comment on the admissibility con- 
dition for the gauge field configurations. The GW Dirac 
operator, or the chirality operator F become ill-defined 
when the operator H 2 has a zero eigenvalue. In the lat- 
tice gauge theory, we can exclude such configurations by 
imposing a condition that the field strength on each pla- 
quette is smaller than a critical value[2^|. This condition 
is called an admissibility condition and the gauge field 
configurations satisfying it are classified for an abelian 
gauge field j^. I n our case, we can also expect a similar 
condition. It will be reported in near future. 

We would like to thank T. Onogi, M. Peskin and H. 
Suzuki for discussions, and A. P. Balachandran for in- 
forming us of some references on topological properties 
based on the algebraic K-theory. 
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